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We discuss the phase transition of planar black holes in Hof ava-Lifshitz gravity by 
introducing a Maxwell field and a complex scalar field. We calculate the condensates 
0"N ■ of the charged operators in the dual CFTs when the mass square of the complex 

^) ■ scalar filed is m 2 = —2/L 2 and m 2 = 0, respectively. We compute the electrical 

conductivity of the Hofava-Lifshitz superconductor in the probe approximation. In 
^ ■ particular, it is found that there exists a spike in the conductivity for the case of 

Q ■ the operator with scaling dimension one. These results are quite similar to those in 

(f) ■ the case of Schwarzschild-AdS black holes, which demonstrates that the holographic 

, , superconductivity is a robust phenomenon associated with asymptotic AdS black 

^ ■ holes. 

or 
& 

I. INTRODUCTION 

<N ■ 

C — | The AdS / CFT correspondence [l|, 0, [sj relates a weak coupling gravity theory in an anti- 

de Sitter space to a strong coupling conformal field theoryin one less dimensions. Recently it 
| has got a lot of applications in condensed matter physics in particular in understanding 
i—i ; some phenomena such as superconductivity 0, 0] and superfluid 0] . It turns out that a 
■ simply Einstein-Maxwell theory coupled to a charged complex scalar field could provide a 
holographic description of a superconductor. 

The hairy black hole with a complex scalar field [nj can be explained as a charged con- 
^ ' densation in the dual CFTs according to the AdS/CFT correspondence. The expectation 
value of charged operators in the dual CFTs will break U(l) symmetry; According to Wein- 



berg [111 ], this produces a superconducting phase. In the paper [7|, the authors considered 
the holographic superconductors in the Abelian-Higgs model within the probe limit, which 
means the backreaction of the dynamical matter field on the spacetime metric is negligible. 
The probe limit is justified when the charge of the complex scalar field is large. For the 
Einstein-Abelian-Higgs system, one has a consistent solution: a Schwarzschild-AdS black 
hole solution with a constant scalar field. When the black hole temperature T decreases and 
is below a critical temperature T c , it is found that the Schwarzschild-AdS black hole becomes 
unstable, and a new black hole solution with charged scalar hair is favored. It implies that a 
second order phase transition happens from the Schwarzschild-AdS black hole to the hairy 
black hole. In the field theory side, it indicates the condensation of the charged operator 
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comes out and a superconducting phase occurs. According to the AdS/CFT correspondence, 
the Maxwell field in the bulk is dual to a U(l) conserved current in the boundary field the- 
ory. Therefore, considering the fluctuation of the Maxwell field, one is able to calculate 
the conductivity. The authors of 0] found that the behaviors of the condensation and the 



conductivity are qualitatively consistent with the BCS theory 12 



The backreaction effect of matter field has been studied in 13 



the phase diagram 

and conductivity are also still consistent with the BCS theory, as expected. Extensions 
of the holographic superconductor to higher spin case have been done in H EE 0. 
The interes ting holographic superconductor models have been embedded in string/M the- 



171 . Ila . Il9l . |20|. More recently, the investigation of the ground state (zero-temperature 



ory 

limit) of holographic superconductors has revealed that there may exist some Lifshitz scaling 



21 



22. 



23 



symmetry for the bulk solutions and bulk solutions have vanishing entropy [19 

Recently some interest arises to build the holographic superconductors in the bulk back- 
grounds with Lifshitz/Schrodinger scaling symmetry, according to the AdS/NCFT (non 



relativistic conformal field) correspondence 2J, |25|, |26( . On the other hand, more recently a 



lot of attention has been focused on Hofava-Lifshitz theory 27|, which is a power accounting 
renormalizable gravity theory. In particular, the Hofava-Lifshitz theory is a non-relativistic 
theory. Note that the fact that superconductivity is a phenomenon which can be described 
by a non-relativistic field theory. It is therefore of interest to study the holographic supercon- 
ductivity in the Hofava-Lifshitz theory, partially in order to see how the phenomenon of the 
charged condensation is robust, and partially to see what difference will appear, compared 
to the case of the relativistic general relativity. 

This paper is organized as follows. In Sec.[TT]we briefly introduce the Hofava-Lifshitz grav- 
ity including its action, planar black hole solution and associated thermodynamics. Sec. II III 
considers the phase transition of the Hofava-Lifshitz holographic superconductors by in- 
troducing a complex scalar field and Maxwell field into the planar black hole background. 
The condensate of the charged operators is calculated numerically. In Sec. HV] we calcu- 
late the electrical conductivity in the probe approximation. We find that the behavior of 
the conductivity is qualitatively consistent with the BCS theory and a spike will appear 
in the conductivity if the operator is of scaling dimension one. Employing the method in 



22l | , we try to qualitatively explain this phenomenon using the one-dimensional Schrodinger 



equation. We conclude our paper in Sec. [V] 



II. BLACK HOLES IN HORAVA-LIFSHITZ GRAVITY 



In non-relativistic field theory, space and time have different scalings, which is called 
anisotropic scaling, 

x l ^bx\ t^b z t, i = 1, 2, 3. (1) 

where z is called dynamical critical exponent. In order to present the non-relativistic Hofava- 
Lifshitz gravity, it turns out convenient to employ the ADM formalism 



ds 2 = -N 2 dt 2 + gijidx 1 + N i dt){dx j + N j dt). 



(2) 
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where N is the lapse function, N l is the shift vector, and is the metric of the spacelike 
hypersurface. The extrinsic curvature for the hypersurface is 

«U V ; .V ; V ; .Y,). (3) 

where the dot denotes the derivative with respect to time t, and Vj stands for the covariant 
derivative associated with the metric g^. In order for a theory to be power counting renor- 
malizable, the critical exponent has at least z = 3 in four spacetime dimensions. The action 
of the Hofava-Lifshitz theory with z = 3 is 27 



where n 2 , A, (/,, w 2 are the coupling constants and A is related to the effective cosmological 
constant; is the Cotten tensor, defined as 

= e M V k (R^-\R5i). (5) 

In the Hofava-Lifshitz theory, the topological black hole solutions with constant scalar cur- 
vature horizon in the case of A = 1 are presented in 28(; the metric is of the form 

ds 2 = -N 2 f(r)dt 2 + ^ r) +r 2 dQ 2 k . (6) 

where Nq is a constant, which can be set to the unity, dVt\ is a 2-dimensional Einstein space 
with constant scalar curvature 2k (without loss of generality, k can be taken and ±1). The 
metric function / is given by 

^2 



f(r) = k + x — v c x. (7) 

where x = ^—A r, cq is an integration constant and cq > 0. The mass of this topological 
black hole solution is 



M = KV ^% , (8) 
lb 

where is the volume of the 2-dimensional Einstein space. And the Hawking temperature 
of the black hole is 

!™2 



3xi - k 



T = -±^V=A. (9) 

87TX+ 



where x + is the largest root of f(r) = 0. 



i 



III. THE CONDENSATE OF CHARGED OPERATORS 

We start with the planar Hofava-Lifshitz black holes with k = 0. In that case the metric 
<Q can be written as 

dv^ 

ds 2 = -f(r)dt 2 + ^ + r 2 (dx 2 + dy 2 ), (10) 

with 

/ = x 2 - \fc^. (11) 

One can see that in the large r limit or when cq = 0, the spacetime becomes a four dimen- 
sional anti-de Sitter space, AdS4. Note that the solution (fTUj) has very unusual asymptotic 
behavior, compared to the Schwarzschild-AdS black hole. Comparing with the standard 
AdS4 spacetime, we may set —A = -p, where L is the radius of AdS4. 

The Lagrangian for the system of the Maxwell field and the complex scalar field is of the 
Abelian-Higgs type [?| 

C = —F^F^ - |V M V - iqA^\ 2 - V(\ij>\), (12) 

where F^ u is the Maxwell field strength F = dA and ip is the complex scalar field with the 
potential V. We have from (fT2l) the equation of the scalar field 

- (V, - iqA») (V - iqA^ + = 0, (13) 

while the Maxwell's equation reads 

Vi^ = iqfy>*{V v - iqA v )^ - V>(V„ + iqA v )r) ■ (14) 
Consider the ansatz 

^ = (0(70,0,0,0), ^ = V(r). (15) 

This ansatz implies that the phase factor of the complex scalar field is a constant. Thus one 
may take if) to be real. In the black hole background (flDjl . the equation of scalar field ( {TBI 
then reduces to 

* +( 7 + r^ + ^-27^T = ' (16) 

where a prime denotes the derivative with respect to r, and the Maxwell's equations is 
simplified to 

,» + V-^0. (17, 
r J 

At the black hole horizon r = r + , one must have = because its norm is required finite, 
and the scalar field ip should also be finite there, namely, ip\ r=r+ < +oo. 
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In order to get the explicit behavior of 0(r) and i[)(r) on the boundary r — > oo. We 
assume the potential to be V(ip) = m 2 ip 2 and consider two cases, one is m 2 L 2 = —2 and the 



other is m 2 = 0; both are above the Breitenlohner-Freedman bound 29j. From now on, we 
set the radius of AdS4 to be L = 1. Let us first discuss the case with m 2 = —2. From ([16]) 
and (1TT1) . we can easily get their behavior in the large r limit, 

</,(!) ^(2) 

^1™ = ^- + ^ + ---, (18) 

and 

(f)\r^oo = H 1 , (19) 

where /i is the chemical potential and p is the charge density on the boundary. Because 
the boundary is a (2+l)-dimensional field theory, fi is of mass dimension one and p is of 
mass dimension two. From the boundary behaviors, we can read off the expectation values 



of operator O dual to the field i/j. From 30], we know that for ip, both of these falloffs are 



normalizable, and in order to keep the theory stable, we should either impose 

^ (1) = 0, and (0 2 ) = V2^ 2 \ (20) 

or 

^ 2) = 0, and (d) = \/2> (1) - (21) 

The factor of \pl is a convenient normalization as in [3]. The index i in represents the 
scaling dimension Xq of its dual operator (Oi), i.e., \q 1 = i- 

We now find the numerical solutions of Eqs. (Tl6|) and (fT7|) with the boundary conditions 
mentioned above. Because the dimension of temperature T is of mass dimension one, the 
ratio T 2 /p is dimensionless. Therefore increasing p, while T is fixed, is equivalent to decrease 
T while p is fixed. In our calculation, we find that when p > p c , the operator condensate 
will appear; this means when T < T c there will be an operator condensate, that is to say, 
the superconducting phase occurs. 

We plot in Fig. 1 the condensates of operators 0\ and 0%. They approach to fixed 
constants as T — > 0, which is qualitatively consistent with that obtained in BCS theory. In 
the BCS theory, the expectation values of (Oi) and \J (0 2 ) are twice the superconducting 



gap. The theoretical prediction for the expectation value is 2 x gap = 3.54T C at T = [31 
In our holographic model, however, we see from Fig. 1 that the expectation values of the 
two operators are higher than 3.54T C . This may be explained that the holographic model 
describes a strong interacting theory than the BCS theory 0]. 

In the mean field theory, near T ~ T c , the order parameter has the behavior 

(d) ~ (0 2 > ~ (T c - Tf/ 2 . (22) 

In our case, we can fit the data near T — > T c and find 

(d) w 13.17T cV /l -T/T c , when T -> T c , (23) 
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FIG. 1: The condensates of operators Oi(left) and 02(right) versus temperature. The condensates 
disappear as T — ► T c . 



where T c « 0.0406243^, while 

(C 2 ) « 304.542T C 2 



1 - T/T c , when T -> T c . 



(24) 



where T c « 0.0762589^/p. These results are qualitatively the same as the case for 
Schwarzschild-AdS black hole Q. 

To see the condensate dependence on the mass of the scalar field, we will consider the 
case with m? = 0. In that case, the asymptotic behavior of scalar field near the boundary is 



+ 



(25) 



where ip^ is non-normalizable, which therefore we will not consider any more and ip^ is 
now proportional to the expectation value of the dual operator 3 , whose scaling dimension 
is 3. Near the critical temperature, we find 



(0 3 ) = 5166.193T C V(1 -T/T c ), when T -> T c . 



(26) 



where T c pa Q.Q4Q&&yfp. To compare different behaviors of condensate for operators with 
different scaling dimensions, we plot the condensate of the operator (9 3 with the other two 
in Fig 2. It shows that the condensate increases when the scaling dimension A gets larger, 
which is consistent with the argument given in 32 . 



IV. THE ELECTRICAL CONDUCTIVITY 

In order to compute the electrical conductivity, according to the AdS / CFT dictionary, we 
perturb the Maxwell field and the time-space component of the black hole background, then 
calculate the linear response to the perturbation. In the probe approximation, the effect of 
the perturbation of metric can be ignored. In addition, we assume that the perturbation 
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FIG. 2: The condensate of three operators with scaling dimensions, which are labelled by A. It can 
be seen that the condensate increases when A gets larger. 



of the vector potential is translational symmetric and has a time dependence as 5A X = 
A x (r)e~ lujt . Substitute this perturbation into Maxwell's equations ([HJ) , we have 

K + f jA ! x + (f 2 - 2 -^f)A x = 0. (27) 

At the black hole horizon, the ingoing wave condition should be employed, A x oc f- luJ / 3r +^ 
while at the infinity boundary, the asymptotic behavior of A x is 

A, = 4 0) + — + ••■ (28) 
r 

In AdS / CFT correspondence, it is well-known that A x ^ corresponds to the source and A x l) 
to the expectation value for the current in the dual CFT, 

A X = A X °\ (J X ) = A X '\ (29) 

By the Ohm's law, the conductivity can be calculated as 

-<«>=f =-2£=-S (30) 



A. The conductivity for the cases of m 2 = -2/L 2 and m 2 = 

We calculate the conductivity for the cases of m 2 = —2/L 2 and m 2 = 0. The numerical 
results are plotted in Fig. 3. For all plots, the real part of the conductivity approaches 
to Re[<r]— > 1 when the frequency grows. This means the state of the dual CFT becomes a 
normal one when uo — > oo. The imaginary part of conductivity lm[a] goes to infinity when the 



s 
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FIG. 3: The conductivity for operator (0\) at T/T c ~ 0.160 (up-left); operator (O2) at T/T c ~ 
0.205 (up-right) and operator (O3) at T/T c « 0.205 (bottom). The solid curves denote the real part 
of conductivity Re[<r], while the dashed curves the imaginary part of conductivity Im[<r]. For three 
cases the real parts all have a delta function at to = 0, which means the infinite DC conductivity 
for superconductors. 



frequency approaches zero. This phenomenon can be explained using the Kramers-Kronig 
relation 

Im[<TM] = _p r ^^^oi, (31) 

J-oc ^ uj' -u 

where P denotes the principal value of the integration. Because the real part has a delta 
function, Re[er(a>)] ~ S(u), we can get from (l3Tj) that Im[cr(o;)] ~ — , which means there 
exists a pole at uj — 0. 

We notice from the up-left plot of Fig. 3 that there is a spike in the conductivity, which 
also appears for the Schwarzschild-AdS black hole case in |32j]. We will give a qualitative 
interpretation for this spike later. Despite of the spike, Re[<r(u;)] exponentially decreases 



when uj <^uj q . Following the analysis in [32(, for A > Abf = I, we define ui„ as the frequency 



2 , vvc ucimc UJg 



which minimizes the imaginary part of conductivity Im[cr]. So for cases with A > Abf and 
T/T c pa 0.205, we find a roughly uniform ratio in Fig. 3, that is, 

^ « 13, (32) 
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with the accuracy more than 93%. This ratio is a little larger than the one in [32|, but still in 
the same order. In the BCS theory, the energy to break apart the condensate is about 3.54T C 
when T = 0, our result u g ~ 13T C indicates that in the Hofava-Lifshitz superconductor the 
energy is larger than the one in the weakly coupled case. 
It was also expected that when w<w 9 , one has 

Re[a] ~ e" A/T , (33) 

where A is a constant. This implies that when T ~ 0, Re[<r] should be strictly zero. However, 



as stressed in [22|, |23j, Re[cr(a;)] in fact depends on the frequency as a power law form, e.g., 
Ke[a(uj)} oc uj 5 with 5 a function of some potential. Exploring the zero temperature limit of 
this Hofava-Lifshitz superconductor would be an interesting issue. 

We can also see from Fig. 3 that when frequency is around u g , Re[<r(u;)] in the up-left plot 
grows slower than that in the up-right one. This different growing type may be expected from 
type II and type I coherence factors Q. Because type II coherence will suppress absorption 
near uj g , the real part of conductivity will grow slower as the figure shows. 



B. Discussions on the Spike 

Here we try to give a qualitative explanation for the spike appearing in the up-left plot 
of Fig. 3. Following 22|, we introduce a new radial variable z as 



dz = j, (34) 

It is easily seen that when r — > oo, / ~ r 2 , therefore, z = — - at the boundary. At the 
horizon, / — > 0, therefore, z = — oo is the black hole horizon in the z coordinate. Using 



( 134|) . we can rewrite Eq. (I27j) as 

- A XtZZ + V(z)A x = uj 2 A x . (35) 

with 

V(z) = 2q 2 ^ 2 f (36) 



Eq. (1351) is a one-dimensional Schrodinger equation. Then following 22j], the conductivity 
can be expressed as 

a{u) = (37) 

where TZ is the reflection coefficient. Naively we can deduce that if the barrier (potential 
V(z)) is very high and the incident energy of the incoming wave is lower than V^ax, TZ will 
be close to 1, which means cr(u) is very close to zero. From this analysis, Vm ax ~ io 2 g . On 
the contrary, if uj 2 > V max , the incoming wave will easily cross over the barrier, therefore, 
1Z — > and cr{uj) — > 1, which represents a normal state. The analysis above is consistent 
with what shows in Fig. 3. 



10 



In the case of A = 1, the potential at the boundary is 

V{z) = 2q 2 ip 2 f « 2g 2 (?/; (1) ) 2 , 



(38) 



where tp^ is a finite constant. At the horizon, / — > and tp is finite, so V^z) — > as 
^ — > — oo. Because V(^) > and it is continuous, we can deduce that V(z) is bounded from 
V(z) < V max _. The potential can be plotted as Fig. 4. As is explained in 22 



above, i.e., 



Viz.) 




FIG. 4: The potential V{z) which is bounded from above and goes to zero at the horizon z — > — oo. 

at low frequency the incoming wave is almost entirely reflected. But if one low frequency 
wavelength fits between the potential and the axis z — 0, the reflected wave can interfere 
destructively with the incoming wave and cause the amplitude at z = to be exponentially 
small. According to the relation (l3~TI) . this then produces a spike in a{u). It is suggested 
in 22j that by WKB approximation, there exists u satisfying 



^/uj 2 - V(z)dz + 



7T 



(39) 



for some integer n, and V(zq) 
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the spikes will appear. In our case, however, the 



potential V(z) in the whole range of z is difficult to have an analytic expression so that one 
is not able to analytically fix the position of the spike. 



V. CONCLUDING REMARKS 

In this paper we have studied the phase transition of planar black holes in the Horava- 
Lifshitz theory by introducing a Maxwell field and a complex scalar field in the probe 
approximation. In particular, we have discussed the cases of m 2 L 2 = —2 and m 2 = 0, 
respectively. The former case shows that the two fallings of the complex scalar field are both 
normalizable modes. They are of scaling dimension one and two respectively. The later case 
has only a normalizable mode and the dual operator is of scaling dimension three. We found 
that the charged operator condensates behaving as (T c — T) 1 / 2 , near the critical temperature, 
which is qualitatively consistent with the BCS theory. In particular, the condensates increase 
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as the scaling dimension gets larger. We computed the electrical conductivities in the dual 
CFT when the temperature is much below the critical temperature. The dual CFT will 
turn to a normal state when the frequency is higher than the critical frequency uo g . On 
the contrary, when the frequency is lower than u g , the real part of the conductivity will 
decrease exponentially. There is an infinity DC conductivity at the zero frequency. In 
addition, it was found that when the scaling dimension of the charged operator is one, there 
exists a spike in the real part of the conductivity. We gave a qualitative explanation for 
this phenomenon using a one-dimensional Schrodinger equation. We found that our results 
are quite similar to those in the case of Schwarzschild-AdS black holes. It implies that the 
holographic superconductivity observed in 0, 0] is a robust phenomenon associated with 
asymptotic AdS black holes. 
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